Abstract -Galerkin's method in the spectral domain is applied to solve for the excess charge density existing on the strips of open-end and symmetric gap discontinuities in multilayered anisotropic substrates. The excess charge density is used to determine the capacitance components of the equivalent circuits of these discontinuities. Numerical results are provided and a comparison with previous results existing in the literature is carried out,
I. INTRODUCTION
ICROSTRIP circuits are invariably accompanied M by discontinuities. The rigorous characterization of these discontinuities requires a determination of their frequency-dependent scattering parameters by means of a full-wave analysis [l] , [21. However, at low frequencies, microstrip discontinuities can be characterized by equivalent circuits consisting of lumped capacitances and inductances [31, [41. The aim of this work is the calculation of the lumped capacitances of the equivalent circuits that are employed to characterize the open-end microstrip discontinuity and the symmetric gap microstrip discontinuity. In the literature, two different techniques have been used to calculate these lumped capacitances. The first technique involves the calculation of the capacitance parameters of single and coupled rectangular microstrip patches [41-[81, and it has the inherent disadvantage of involving the subtraction of two similar quantities that have to be numerically computed [9] . The second technique is based on the calculation of the excess charge density existing on the strips of the discontinuity with respect to that existing on the strip of an infinite microstrip line [91-[11] . This technique avoids the errors arising from the subtraction of two close quantities that have to be numerically computed, and it is the technique employed here.
Whereas in previous works the excess charge technique was applied in the spatial domain [9] - [ll] , in this paper the excess charge density technique is applied in the spectral domain. This makes it possible to analyze microstrip discontinuities embedded in multilayered media with dielectric anisotropy in an easy way [8] . Manuscript received December 4, 1990; revised April 22, 1991 . This work was supported by the DGICYT, Spain (Proj. n. PB87-0798-C03-01).
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The results obtained for the lumped capacitances of the two discontinuities analyzed have been compared with results obtained by means of static analyses [6]-[9] and with results extrapolated from dynamic analyses [2] . Discrepancies are encountered, which are attributed to the lack of accuracy of existing results.
ANALYSIS
In Fig. l(a) is shown the cross section of both the microstrip open-end discontinuity appearing in Fig. l(b) and the microstrip gap discontinuity appearing in Fig.  l(c) . The conducting strips of the open-end discontinuity and the gap discontinuity are assumed to be lossless and infinitely thin. These conducting strips are placed at the Mth interface of a stratified medium bounded by two grounded conducting planes. The stratified medium is composed of N layers of lossless anisotropic dielectric materials. The dielectric materials are assumed to present uniaxial anisotropy, their optical axes being aligned with the y axis defined in parts (a)-(c) of Fig. 1 . According to this, each dielectric material in the stratified medium is characterized by a permittivity tensor: At low frequencies, the microstrip discontinuities shown in parts (b) and (c) of Fig. 1 can be characterized by the lumped element equivalent circuits shown in, respectively, parts (d) and (e). In the following, we will explain how to calculate the lumped capacitances CO,, Cpg, and Csg.
A. Calculation of CO,
The free superficial charge density a ( x , z ) on the semiinfinite strip of the open-end discontinuity shown in Fig.  l(b) can be separated into two terms:
The first term can be interpreted as the charge density that would exist on half the strip of the microstrip line involved in the discontinuity if this microstrip line were infinite. This term is the product of the free superficial charge density per unit length existing on the strip of the infinite microstrip line am(x) and the step function ~( z ) .
The second term, c e e X ( x , z ) , represents the excess free superficial charge density which is stored in the neighborhood of the strip end at the open-end discontinuity. The edge capacitance of the open-end microstrip can be calculated from this excess charge density by means of the expression where I/ is the known constant potential on the semi---
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Il l I l l 11 I 11111 I l l l l l l l l l l l l Yl infinite strip, As can be seen from (3), in order to calculate CO,, it suffices to determine the excess charge density, ae,(x,z). In this paper, we have focused our attention on calculating the two-dimensional Fourier transform of the excess charge density, namely, Ge,(a, p).
In terms of Gex(a,p), CO, can be simply obtained.
To obtain Gex(a,p), we have made use of the expression that relates the excess charge density, aex(x,z), and the electrostatic potential, +(x, y = H M , z), at the Mth interface of Fig. l(b) , i.e.
+(x,
. In fact, when the Galerkin method is used, the spatial charge density per unit length, a,(x), is obtained as a weighted basis functions expansion of the following type:
Assuming &a,p) and Gm(a) are known functions, the Galerkin method in the 'spectral domain has been employed in ( 5 ) to calculate 6ex(~,p). For that purpose, the excess charge density, ueex(x, z ) , has been expanded in terms of basis functions as indicated below:
As can be seen, the basis functions in (7) have been factored into two independent functions of the spatial variables x and z . The functions a,"(x) coincide with those used in (6). This means that we have assumed that the charge density per unit length on the strip of the infinite microstrip line, am(x), and the excess charge density, ueex(x, z ) , depend on the x variable in the same way. This assumption simplifies the mathematical treatment of the problem and it only seems to be far from reality (see Fig. l(b) ) in the neighborhood of the 90" conductor corners where the singular behavior of ae,(x,.z) differs from that of um(x) [13]. When the two-dimensional Fourier transforms of expressions (6) and (7) are introduced into (5) and Galerkin method in the spectral domain is used, the following system of linear equations for the bnm coefficients is obtained:
where AInk and r,"k' are double integrals with infinite limits that can be expressed as ( n , k = 0;. . , N 1 ; z = 0;. . , N 2 )
(10)
In this work, to represent the functions a,"(x) and u m ( z > defined in (6) and (71, we have chosen the functions elsewhere (13)
In ( 1 0 , T,, are even Chebyshev polynomials of the first kind. In choosing a,"(x) and a m ( z ) , we have tried to satisfy the known physical constraints of U&, z ) as accurately as possible. For instance, the functions defined in (11) properly account for the singular behavior of aeex(x, z ) in x = w/2 except in the neighborhood of the z = 0 plane [13]. Concerning the functions defined in (12) (pulse functions, Fig. 2(a) ) and in (13) (triangle functions, Fig.  2(b) ), these functions do not seem to account for the singularity that aJx, z ) presents at the z = 0 plane of Fig. l(b) . In any event, this singularity has been simulated in an approximated way by choosing nonequispaced grid points in the piecewise approximation of the a e x ( x , z ) dependence on the z variable. In order to choose the grid approximate the charge density per unit length on an infinite conducting strip. To start with, we have assumed that the dependence of uex(x,z) on the z variable for a fixed value of the x variable (x = x,) can be approximated as where a = z~, +~ is the distance from the end of the strip ( z = 0 plane in Fig. l(b) ) to the z plane in which ueex (x, z ) can be neglected (the optimal value of a has been calculated by means of a convergence analysis, which is presented in the next section) and the constants k , and k , are calculated by requiring that cex(xo, a ) = 0 and d -cex(xoy z)I,=, = 0. After determining the quantities a, 82 k,, and k,, the grid points 2, defined in (12) and (13) have been estimated by requiring that the same amount of charge be located between any two consecutive points for the fixed value xo [14] . This condition can be mathematically expressed as It can be noticed that the function proposed in (14) to simulate the dependence of u e x ( x , z ) on the z variable accounts for the z-1/2 singularity that ueex(x, z ) exhibits at the points of the end of the strip which are not in the vicinity of the 90" corners. This ensures a nonoscillating piecewise approximation of the ueex(x, z ) dependence on the z variable near the singularity [14] . One point of numerical interest is the fact that the pulse functions in (12) and the triangle functions in (13) have been normalized to have unity area. Owing to the normalization, the coefficients b,, must all have the same order of magnitude and this prevents the linear system in (8) from being ill conditioned 1151.
The direct numerical computation of the double integrals obtained when the Fourier transforms of u,"(x) and a " ( z ) (see (ll), (12), and (13)) are introduced into (9) and (10) requires high CPU times. We have substantially reduced these CPU times by employing a method which is explained in detail in the Appendix.
B. Calculation of C , , and C,,
An excess charge scheme applied in the spectral domain has been also employed to determine the capacitances C,, and C,, of the 7 network used to characterize the symmetric gap discontinuity shown in Fig. l(c) . As in previous papers [lo], we have calculated the excess charge density on the strips for two different modes of excitation: the even mode, in which both strips are raised at the same constant potential, and the odd mode, in which the strips are raised at opposite potentials. In the case of the even mode of excitation, we have calculated which is the edge capacitance of an open-end microstrip line facing a magnetic wall. In the case of the odd mode of excitation, we have calculated which is the edge capacitance of an open-end microstrip line facing an electric wall. These capacitances C:, and Czc are related to the capacitances C,, and C,, by means of the expressions [lo] coec = c,, ( 16) c:, = e,, + 2c,, .
(17) As for the case of the open-end discontinuity, we have derived expressions which relate the two-dimensional Fourier transforms of the electrostatic potential at the Mth interface of Fig. l(c) and the two-dimensional Fourier transforms of the excess charge density on the strips of the gap discontinrity (see (5)) in both the even mode and the odd mode. To solve for the two-dimensional Fourier transforms of the excess charge density in each mode, the Galerkin method in the spectral domain has been applied. The functions employed to approximate the depen-I I l ul l 11l l l l l l 1 l ul l I l l 1 dence of the modal excess charge densities on the spatial variables x and z are analogous to those defined in ( l l ) , (12), and (13).
111. NUMERICAL CONVERGENCE From a numerical point of view, the values of the capacitances CO,, Csg: and. C,,, obtained by using the analysis method described in the preceding section depend mainly on three parameters: N ; = N , + 1, the number of functions employed to approximate the excess charge density dependence on the x variable (see (11)).
N; = N2 + 1, the number of functions to approximate the excess charge density dependence on the z variable (see (12) and (13)). a, the distance from the end of the strips to the z plane in which the excess charge density is assumed to vanish.
In Table I , we provide the results obtained for the edge capacitance CO, of an open-end discontinuity in vacuum when different values of N ; and N; are used. Comparison is made between the results obtained by using pulse functions and triangle functions to approximate the ,z) , the convergence to a fixed value of CO, is achieved when N ; = 2 and N; = 3. If pulse functions are used in the approximation of ueex(x, z), we need to take at least N ; = 2 and N; = 6 to achieve convergence. The convergence is faster in the case of triangle functions since these functions provide a continuous linear piecewise approximation of ueex(x, z ) , which is better than the discontinuous step piecewise approximation provided by pulse functions. It has been observed that, for narrow strips ( w / h < 11, it is only necessary to take N; = 1 to achieve convergence in the results of CO, [16] . Similar results for, the convergence of Csi and C,,, with the number of basis functions have been found for the case of the symmetric gap.
In Table 11 , we analyze how CO, varies with increasing a in an open-end discontinuity in vacuum and an open-end discontinuity whose strip lies on alumina substrate. Whereas in the case of the open-end microstrip printed on alumina the excess charge is found to be concentrated within a length a = 6 h , in the case of the open-end discontinuity in vacuum the excess charge density is found to be concentrated within a length a = 16h at least.
In Table 111 , we analyze the variation of CZc and CZc in a symmetric gap discontinuity as the distance a increases. In strong coupling conditions ( s / w = 0.11, the excess charge in the even mode is much more concentrated near the physical end of the discontinuity than the excess charge density in the odd mode. However, in weak coupling conditions ( s / w = 101, the excess charge in both the even mode and the odd mode extends for similar lengths.
IV. RESULTS
In parts (a) and (b) of Fig. 3 , we plot two sectional views of uex(x, 2) for two different open-end microstrip discontinuities. It can be seen that as the permittivity of I l l 1 1 1 1 1 I 11111 I l l l l l l l l l l l l Yl I I 1111 1 1 1 1 1 1 1 1 1 l ul l I l l 1 us- the substrate increases, the excess charge becomes more concentrated around. the physical end of the discontinuity. In To show the versatility of the method of analysis described in this paper, in Fig. 7 we present original results for the capacitances C , , and C,, of the equivalent circuit of gap discontinuities printed on sapphire in sandwiched, suspended, and inverted configurations. 
V. CONCLUSIONS
The lumped capacitances of the equivalent circuits which characterize the open-end and the symmetric gap microstrip discontinuities are calculated in an efficient and accurate way. These two discontinuities are considered to be embedded in a multilayered substrate involving uniaxial dielectric materials. The Galerkin method in the spectral domain is used to solve for the two-dimensional Fourier transform of the excess charge density existing on the strips of the discontinuities. The basis functions for approximating the excess charge density on the strips are chosen so as to fit the physical features of the problem as accurately as possible. The validity of the method is checked by testing its numerical convergence with respect to the number of basis functions and with respect to the distance from the end of the strips in which the excess charge is assumed to disappear. The resuIts obtained are compared with those appearing in the literature and average discrepancies between 5% and 10% are observed.
These discrepancies are attributed to the lack of accuracy of previously computed results. Original design graphs are presented in which the generality of the method of analysis built in this paper is demonstrated.
APPENDIX
In this appendix, we are going to explain the method employed to calculate the double integrals resulting in (9) for the case where the functions defined in (11) and (12) I l l 1 1 1 1 1 I 11111 I l l l l l l l l l l l l Yl I I 1111 1 1 1 1 1 1 1 1 1 l ul l I l l 1 are used to approximate geex(x, z ) . The rest of the double integrals that appear in the calculation of CO,, C,, and C,, can be carried out in a similar way. The integrals appearing in (9) have been split into two terms: where K has been defined in (A5). When the functions defined in (12) and (13) are introduced into (A71, the integrals in the z and z' variables can be calculated in closed form. For the case of the pulse functions (see (1211, we obtain (A9) ( n , k = 0, * * , Nl; I = 0,. * , N 2 ) .
where S l ( x -x ' ) can be written Sf( x -x ' ) =
x -x ' ) -9'( x -x ' ) -L2+1( x -x ' ) + 9[( x -x ' ) (A10) ( I = 0,. * * , N 2 ) and To compute the integrals appearing in (A9), we have consecutively applied Gauss-Chebyshev quadrature formulas, which account for the singularities of the integrand in the integration limits. Since numerical problems still appear owing to the logarithmic singularities of the integrands at x = x' (see (A12)), the functions 9 . ' ( x -x ' ) appearing in (A12) have been rewritten 1 -I I l ul l 11l l l l l l 1 l ul l I l l 1
Since the terms enclosed between square brackets do not show any singularity when = x~, they have been integrated by using Gauss-Chebyshev quadrature formulas. The singular logarithmic terms have been integrated in relations of Chebyshev polynomials.
